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2 )  Ths Equa t ions  t o  be S t u d i e d .  
The e q u a t i o n s  t o  be s t u d i e d  have  t h s  f o l l o w i n g  form: 
( 5  + B2E2G - c 2 B16)  
- .. 9 = - + g -  c c ( B 1  + B2) - 35 b 
+ 2 N1 c 
. . - - (-1 + B2C2 - c B1) - q 2 c c 6  (B1 + B2) + - - b 
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-2 - 2  2 -2  2 + b (B2. - c B , )  + $ s b Z C  (B1 t B2) + 3 2 ( B 2 C  - B1c - 1 )  
where y,X,? 
t h e  B. a b b r e v i a t i o n s  f o r :  
a r e  t h e  E u l s r i a n  a n g l e s ,  Ni t h e  e x t e r n a l  t o r q u e s ,  and 
1 ' I  i 
The I .  a r e  t h e  main moments of i n e r t i a ,  and t h e  T i j  t h e  components 
of t h e  i n e r t i a  t e n s o r ;  o b v i o u s l y ,  t he  Bi9 Ii9 
1 
a r e  c o n s t a n t s  . *i j 
1 ) I n t r o d u c t i o n  
The d i f f e r e n t i a l  e q u a t i o n s  d e r i v e d  i n  Report  13 d e s c r i b e  
the  motion of a s a t e l l i t e  about  i t s  c e n t e r  of  mass; e s s e n t i a l l y ,  
they  a r e  t h e  E u l e r i a n  e q u a t i o n s  of  mot ion  f o r  an asymmetr ic  heavy 
gyroscope;  t h e i r  g e n e r a l  s o l u t i o n  i n  t e rms  of  L ie  s e r i e s  was g i v e n  
a l r e a d y  i n  Report  1 3 .  
As f a r  as t h e  numer ica l  e v a l u a t i o n  is concerned  t h r e e  pos- 
s i b l e  ways o f f e r  themselves .  
cg ti 
0 .  
1 .  Repeated a p p l i c a t i o n  of t h e  D-opera tor  ( Z  =E it Die ) 
y i e l d s  v e r y  complex r e s u l t s  f o r  i > 3 ,  such t h a t  we have t o  
r e s t r i c t  o u r s e l v e s  t o  few t e r n s ;  t h u s ,  we have t o  choose a 
- t, from which ,  on t h e  o t h e r  t 2  s m a l l  s t e p  l e n g t h  At = 
hand ,  an i n c r e a s e  of t h e  c a l c u l a t i o n  t ime  a r i s e s .  Fu r the rmore ,  
t h e  t r u n c a t i o n  e r r o r  might bs c o n s i d e r a b l e .  
i 2 .  D e r i v a t i o n  of r e c u r r e n c e  fo rmulas  f o r  D e ;  i n  t h i s  c a s e ,  we 
could  choose a r e l a t i v e l y  l a r g e  s t e p  l e n g t h  / l -4/ .  
3 .  The t h i r d  approach s ta r t s  from a r e p r e s e n t a t i o n  of t h e  so-  
l u t i o n  i n  te rms  of  a main p a r t  and a " p e r t u r b a t i o n  i n t e g r a l "  
t o  be e v a l u a t e d  by i t e r a t i o n :  
I n  t h e  p r e s e n t  r e p o r t ,  t h e  method o f  r e c u r r e n c e  f o r m u l a s  i s  t r e a t e d  
i n  ex tenso .  
. 
A s  shown i n  Report  1 3 , t h e  a ,  b y  c ,  a ,  6 ,  c a r e  t r a n s c e n d e n t a l  
f u n c t i o n s  of t h e  E u l e r i a n  ang le s  forming the  components of  t h e  
mat r ix  A ,  which t r a n s f o r m s  from t h e  body-fixEd ( X ,  Y, Z )  t o  t h e  




ca - ca6, -caz - ca, a b  
A = ( -  ca + c g c ,  - ca,  -ab 
i; 
- 
cb 9 cb 9 
w i t h  
a = s i n ?  b = s i n 4  
a = c o s y  i; = c o s 3  
c = s i n N  
(4 )  - 
c = c o a x  
The t o r q u e s  Ni are g i v e n  by: 
WS now r e p l a c e  the sys tem ( l a ,  b ,  c )  of  t h r e e  second-o rde r  d i f f e -  
r e n t i a l  e q u a t i o n s  by t h e  fo l lowing  sys tem of  s i x  f i r s t - o r d e r  d i f -  
fe  ren t  i a l  e qua t  i o n s  : 
= z . + 3  
2 j  J 
where use h a s  been made of t h e  f o l l o w i n g  d e s i g n a t i o n s  and abbre-  
viat ions : 
1 3 1 ’  J = Z  2 = z  
or 
w = Z 2 ’  
4 = Z 4 ’  5 = Z 5 ’  ,i = ‘6 
as well as 
T h e  d i j  a r e  g i v e n  by:  
d l l  = - c’C (B, + B2)  
(1  + B2c  i; d12 = - -  b 
1 -2 2 
d = - 5  ( B 2 c  - c B1 - 1)  
-2  2 
- c B1) 
1 3  
d ,4  = - ccc (B1 + B2) 
1 c  
d16 = I, b 
1 c  d = - -  1 7  1 2  b 
- 
- - 
I -2 2 i  
d21 d = -b j 1 + B1c - B2c 
d22 = CC (B1 + B2)  = -d l ,  
11 d23 = -d 
-2  2 
d = bt ( - B , c  + B 2 c  ) 




% = - - I 2
d = - d14 
1 2 2 -2 
d32 = 5 (1  + b B3 ( C  
6 -2 2 
d33 = i; (B*c - B1c - 1 )  
31 
- c ) )  
( 9 )  
. 
cE(-B b 2 + G2(Bl  + B 2 ) )  
d34 = 3 
B c z  d35 = 3 
The formal  s o l u t i o n  o f  t h e  system i s  g i v e n  by: 
and  
( 1 2 )  
Now we a t t e m p t  t o  d e r i v e  r e e u r r e n c e  fo rmulas  c o n n e c t i n g  h i g h e r -  
o r d e r  powers of  t h e  D-operator  w i t h  l o w e r  ones ;  f o r  t h i s  purpose  
we wr i te  DQ+2z6 i n  t h e  f o l l o w i n g  form: 
2 5 _Iz 
nidj i )  = L- D Q + 2 ~  = D Q ( D  zi) = D Q f i  = D Q (  E nidji + i i = l  
e+ ,  3, Q-jl  1 + D N,D d . . f  
d j i  J l) 
O D  
where j Q ?  j, 5 Q 1 
Q-J, 
D dj i :  
c - j ,  Q-jl  - 
D dl 1 = - (B1 + B2)  D cc  -------- 
c .*..=:e j6  - j 5  - 1 ,  j 4  - j 5  - 1 - j 6  0, j, - j ,  - j 6  Q (17 )  
J J 3  
4 J 4  
. 
- 7- - 
1, - 1 - 1 2 4  Q ,  j, 6 u ,  j 3  - 1 - 
J 3  
l2 - D c: see  ( 1 6 )  
- J 3  ;2 
- 5 - 1 2  c D  
I) c :  see  (16 )  
Q ' j  1 G - 3 ,  ;2 Q - J ,  c*  Q - J ,  1 - 
b - + D  b - + BID d 1 3 :  - B2D b D 
( 2 4 )  
J 
D ' : see (20)  b 
e-jl-j3 c2 
D : see  (24) 
j 
D ' L. s e e  ( 2 0 )  b '  
e-j, -j 
D ' c2: s e e  (26) 
G - j l  - - see  (20) b .  D 
Q-J ,  u-j, Q-3 
d l  4 - (B1 + B2) D (bee) = D dl A :  D 
Q-j, - 






C - -  
b -  
DJ' c :  s e e  (16) 
D 
dl - * see ( 2 0 )  b '  
C 
Q - J I  
D 
8 
e - J l - J 3  
: see ( 2 0 )  b D 
e - j l  
D b: s e e  (21) 
,j3 b: s e e  (21) 
e - j l -  j3 a2 
D : see ( 2 4 )  
, j 3  b: see (21) 
e-3, - j  
D c2: s e e  ( 2 6 )  
u-Jl  G-J, k - J ,  Q-J 1 
D d24: D d24 = - B I D  (bcz2) + B2D ( b z c 2 )  ---------- 
-- Q J,  Q - J l  J 3  u - j l - J 3  'c2 )D (bc)D Q - J ,  --2 D (bbc  ) = '>. ( 
-- 
I 1  -2  D c : s e e  (24) 
j - j  - 
D J 3  (bE) = 1 (j,) D J 4  b D 4 b  3 J 3  -_  
24 b :  s e e  ( 2 1 )  
j -3 
D ' 5 :  S E E  (21) 
a - J ,  
e-J,  
- 1 Q-J1 
- D  C: s e e  (16) 
I2 
Q-J, 
( 4 3 )  
(44) 
( 4 5 )  
c 2  
Q - J ,  Q - j l  J 3  Q - j l - J  - 5, r-- ) D bD D (bc ) = / 
e- j ,  
,j3 b :  s e e  (21 )  
. 
v j l  - j  
D ' c2:  see  ( 2 6 )  
e - j l  i; 
D F: s e e  (19)  
D J 3  (c.): see ( 1 6 )  
1 
l 1  2 I 1  l1 1* 1,-1 
* b  D b =E ( , ) D  bD 
r. L 2 I 
l 2  D b :  see  ( 2 1 )  
DJ4 b: see ( 2 1 )  
J3  - 
D cc:  s e e  (15)  
Q-J, 
35 : e - j l  e-3 ,  
D d ---------- 
D dj5 = B3D ( c z )  see  ( 1 5 )  
Q-J ,  
D ' d36: 
u - J ,  
D ' d38: 
The 
e - j l  
D d = O  36 
G - j l  
D 
e - j  
D 
d37 = - f, b 
nJ3 c :  see  ( 1 6 )  
Q - j l - j j  6 
D - b .  . S E G  ( 1 9 )  
J 
J j  i; D 5 : S E E  ( 1 9 )  
5 - D c :  s e e  ( 1 6 )  
;I 4 
( 5 5 )  
(59)  
- 1  
r e c u r r e n c e  formulas f o r  D Ni ( i = l , 2 , j )  can be  d e r i v e d  i n  ane- 
l o g y  t o  t h e  e x p r e s s i o n s  p r e s e n t e d  above .  
L 
I 
J 3  a 2 2  - D J 3  (Ea + c.5) = D J 3  (Ea) + D J 3  (c.5) ( 6 6 )  
j -3 j - j  D ’ c :  s e e  ( 1 6 ) ;  :“(,E) =? a D  ‘ ’ 5  (71)  
j ,  5 
j - j  25 a: see ( 6 9 , 7 0 ) ,  D 6 :  s ~ e  (21 )  
J2-J3  
a23 D 
D j 4  'a: S € €  
j 2 - j  3 
- D  
r-t . .  
J I  j ,  j 3  j ,  - j3  
3 5- ( .  ) D a 2 2  D 0 %- 3 J 3  
j, -j3 
83 D 




+ j l  -J:z 6 D 
J 5  
J 5  "5 j 5  j 6  
D (cb) = ( .  )D 
J 6  J 6  
j , - J3 - J5  - 
- z  /I 
Q 
( 7 3 )  
(75) 
_1 I.- . - 13 - 
J 6  - j - j  
D C :  see  ( 1 6 ) ;  D b: see  
,j4 c: see  (16 )  
L 3, Q 
"t 4 J 
j j - J q  2' c:  s ee  ( 1 6 ) ;  D b: SEE (21 )  
J 1 - J 3  
D a33: see (64)  
J 
j 3  D a22:  s e e  ( 6 6 )  
4 
j -j 
D ' b3: see ( 7 7 )  
(94) 
(95) 
(96 )  
J 4  J 4  = D ('ca + c.%) = "21 
J q  J 4  D (;a): s e e  ( 6 7 ) ,  D ( c z s ) :  s e e  ( 6 8 )  
J 3  D a*3: ( 7 3 )  
J I - J j  
D 8 1 = D  J1 - J3 (2 ,  4 cb  + z 5 z )  = 
J ,  -jj j l - J 3  
= D  ( z  4 c b )  + D ( z 5 3  
J l - J  - j  J -  ~3 j l - j  j l - j 3  
J ,  
z D  ' ( cb )  ( 1 0 2 )  
3 ) D  4 
J - j  
D ' ( 7 ,  cb)  = > ( 
-. 4 
l1 l2 11-12b 
/- (103) ' 
j - j  - j  
D 4 ( c b )  = D ( c b )  =\- (1 )D cD 
2 
l1 -1 
b :  see  ( 2 1 )  l 2  D C: SEE ( 1 6 ) ;  D 
+ ~ I A  ( - T l a 2 1  02 + T 2 a 2 2  8 )1  
j , - j j  
a32: see (63)  J 3  D a3,: see  ( 8 9 ) ;  D 
J 1 - J 2  
D J 3  aZ1: see ( 9 7 ) ;  D a2,: see (65)  
j ,  - j3  
D J 3  see ( 6 6 ) ;  D 8,: S€€ (101) 
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h t imes 
h :  numb 
S t € J  
! 2 = Z i ( t = t o ) ,  Z =Z ( t=t  ) 1 i = l  ,2,3; k=4 ,596  
l i  k k  0 ,  
o f  
i D 0 z i ,  D 1 z i ;  D O Z k  I 
0 
i D d j i ,  DON6 1 6=1 ,2,3 
i 2  1 ’ D zi’  D zk i 
2 2 1 i D d j i 9  D N, 
j y=  number o f  maximal 
k . - _. terms DYz t o  be 
I ’ Y  D Z i y  DY” z 
I c a l c u l a t e d  
4 .  
I 
Z i ( t A h ) ,  z,(t=t h ) ! 
V 
1 
Concl u s i  on.. 
. 
The r e c u r r e n c e  fo rmulas  have shown t h e i r  e f f e c t i v e n e s s  i n  t h e  
s o l u t i o n  of  s e v e r a l  o t h e r  t y p e s  o f  d i f f e r e n t i a l  e q u a t i o n s  
/ I  - ,I/, e . g . ,  t h e  g e n e r a l  s econd-o rde r  d i f f e r e n t i a l  e q u a t i o n s  
(homogeneous and inhomogeneous);  t h e  fo rmulas  d e r i v e d  i n  t h i s  
r e p o r t  a r e ,  howfzver, v e r y  complex and  no  s t a t e m e n t s  can be 
made a s  t o  t h e i r  u s e f u l n e s s  i n  n u m e r i c a l  c a l c u l a t i o n s  s i n c e  
i n v e s t i g a t i o n s  concern ing  t h e s e  problems a r e  impeded by t h e i r  
s h o r t  d u r a t i o n  of o u r  c o n t r a c t .  Numerical  c a l c u l a t i o n s  a r e  
c a r r i e d  ou t  f o r  t h e  c a s e s  D z ,  D z ,  D z ,  D z - even  t h e  a p p l i -  
c a t i o n  of  D3 i s  a v e r y  compl ica ted  p r o c e d u r e ;  o b v i o u s l y ,  t h e s e  
terms do n o t  s u f f i c e  f o r  more e x a c t  computa t ions  ( abou t  20 terms 
D z would be  a p p r o p r i a t e  /4/); i t  i s  f o r  t h i s  r e a s o n  t h a t  r e -  
c u r r e n c e  formulas a r e  d s r i v e d  f o r  t h e  D Z .  
0 1 2 3 
i 
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